sequences and series

sequences (a,,a,,a,,...,a,,...) and series (Zan =a+a,+a;+..+a,+..)

n=1

n-th partial sum (s, =a,+a, +a, +...+a,) - Zan =lims,
=1 n—o0

Zan is convergent, a, >0, iff s, <M
n=1
geometric series, base is a fraction
firstterm a

a+art+ar’+..+ar"+..., convergent if |r|<1, a=0, converges to —,
l1-ration 1-r

Snzw1zan:“msna(l_r): a
@a-r) = noe D (1-r) 1-r
p-series, power is less than -1

0

znip , converges if, p>1

n=1
telescoping series
a=(By by )= [ Lo o[ L)Lt gL
n n+l n+l n+2 n+3 n+4 n+1
convergestoior b,s, =1- 1 5 L =lims, -1
n n+1l 45n(n+l) no= n+1

integral test

compare Zan to jandn, must be positive, decreasing
n=1 0

direct comparison test (Zan is non-negative), use 1/(x+1) <1/x method, consider a geo or p
n=1

Zan converges if a, <b, and if b, converges
n=1

Zan diverges if a, >b, and if b, diverges and is non-negative
n=1
limit comparison (a, >0 and b, >0 for all n being a positive integer), consider a geo or p

Iim3 =C and 0<C <, then either both converge or both diverge

n—oo

. a
lim— =0, and b, converges, then a, converges

n—oo

. a : :
lim— =00, and b, diverges, then a, diverges

n—oo

ratio test, use if factorial or exponent, plug in (n + 1) do not just add 1 to get an+1

. a . . . .
lim—2%=C,if, C <1, then, a, converges, > 1 diverges, = 1 inconclusive

n—o a
n
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sequences and series

n-th root test, use if factorial or exponent
Iim\/aT =C, if, C <1, then, a, converges, > 1 diverges, = 1 inconclusive

n—oo

* alternating series

Z(—l)”*lun , converges when, u, >0, u, 2u, 2u,, u, >0 as n—ow
n=1

absolute convergence

If > [a,| converges, _a, is absolutely convergent
conditionally convergent

If > [a,| diverges, > a, is conditionally convergent if *

term-by-term differentiation and integration
you can diff. and int. the series or the summation [like (a/1-r)] to find what you want
rearrangement of terms

A.C.—if Y b, isanrearrangementof > a , > a =>'b,
C.C. —for any number N, you can rearrange »'a, so » b =N
power series, R = 1 for a geometric series

C, +C,(x—a)+c,(x—a)’ +...+¢,(x—a)" +...:ch(x—a)” ,centeredat x = a
n=0

D c,(x-a)", 0<R<w, [x—a|<R, implies absolute convergence, = r, maybe
n=0

r is radius of convergence. |x — a| <R=(a—R,a+R) isthe interval of convergence
theorem

ch(x—a)n , suppose IimQ/a =p or limc,,/c,=p,then R=1/p
h=0 n—oo n—oo
taylor series, quadratic (to power 2), and cubic approximations (to power 3), not linearization

P.(x)=f(a)+ f’(a)(x_a)+%>:—€:1)2+...+ f(”)(a)n(lx_a)n -

remainder of taylor polynomial
‘ f n+1(C)‘maX (X _ a)n+1
(n+1)!

f(x)=P (x)+R (x), IR, (X)| < , C is between x and a

multiplying
If A(X)=> a,(x)" and B(x)=> a,(x)" for [ <R, then
n=0 n=0

icn(x)” :[i an(x)“j-(i bn(x)”j converges absolutely to A(x)-B(x) for |x| <R

C, =a.h, +ab, +a,b _,+..+ab,_, =D ab_,
k=0

prepared by michael c. pappas — michaelcpappas.com



sequences and series

taylor’s formula, linearization, n = n, at (0,0) h = x and k =y and its (cx,cy)
n n+1
f(athb+k)= f(a,b)+...+i(hﬁ+kij T— (hi+k£j f|
nll ox oy @0 (n+DI ox oy (arch.bck)
linearization with f and its partial derivatives evaluated at (a,b) error
solving differential equations using power series
y(X)=a, +ax+..+a,x" +...
use this equation, the initial condition to generate a new form of the diff. equation
then find a numeric pattern to the a, term to plug into a x", and to find y

n n+l n n-1.,n nyn 2x
X X X" X 2"°x" 2'x" e % X
_— eX = = Xex = = z Z
n! nt nl n! 2n! 2 ~(n+1)! 4 n!
limits/sequences/series
simplify. take the limit of a_ to see if it goes to 0

when temped to say, behaves like, divide by n”p
combine comparison and integral tests by comparing it to something you can integrate
eliminate constants when using comparison test

indeterminate forms of limits: 000,00 —00,0/0,00/0,0”,°,1”

when the limit is «o— o0, try to rationalize the expression. Get to 0/0,00/00 form

when the limitis 0-00, convert (f)(g) into f/(1/g)

when the limitis 0°,0°,1" ,use y=f?=Iny=glInf or f?=e¢""
remember:

lim>"% =1, 0r I|m—X =1 Iiml_COSX:O,or lim cosx—1:0
n>0 X n—0 Sin X n—0 X n—0 X
imUYn=1 lim¥x =1 |im(1+5j _||m(”+x) e
n—oo n—oo n—oo n n—oo n
imyP() =1ieS PO <o limE—T=1 nill (n/e)’
n—oo n—oo X
1 o0 0
—= "(-11 _ Dx", (-1,1
1-x nzz;' 1D 1+X Z:(;( (LD
e” :;% (—o0,0) lim(L+ X)X =
] © ( 1)n 2n+1 ( n 2n+l
SinX = , (=00, 00 tantx = =11
2 G O > oy
( n 2n ( 1 n-1 n
COS X = Z (2 o —00,00) In(1+x) = Z (-1,1]
n=0
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